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Executive summary

This deliverable outlines the methodology behind the calculation of stochastic
sensitivities. To this end, the work first formulates the general optimisation
problem of interest to the ExaQUte project. It then presents the steps re-
quired for calculating the sensitivity of the objective function with respect to
design variables. The objective function is assumed to depend on some statis-
tics (risk measure) of an output quantity of interest and includes a design
penalisation term. The outline of this document is as follows:

e formulation of the optimisation problem:;
e derivation of expressions for the sensitivities for a general risk measure;

e discussion on possible methodologies to compute such sensitivities us-
ing available deterministic solvers;

e examples to illustrate the above for specific risk measures and output
quantities.
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Acronyms

OUU optimisation under uncertainties
PDE partial differential equation

Qol quantity of interest

CVaR conditional value at risk

MLMC multi-level Monte Carlo
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1 Introduction

One of the goals of the ExaQUte project is to design scalable algorithms for
optimisation under uncertainties (OUU) towards application in shape design.
In the target area of wind engineering, the stochastic nature of wind needs to
be factored into the shape optimisation process. Structures designed for mean
conditions are often not robust to perturbations. One example is the case of
a transonic airfoil. The position of the shock on a mean-optimal airfoil may
not be robust to fluctuations in inflow conditions, resulting in deteriorating
airfoil performance for small perturbations from the mean conditions.

One way to account for this uncertainty is to optimise the design with
respect to a risk measure associated to the (random) output quantity of
interest. Optimising a design with respect to some statistics of a random
output quantity is an active research area. A list of challenges exist that
need to be solved: (1) a proper formulation of the optimisation problem, (11)
an analysis of its properties and (111) the development of scalable and efficient
algorithms that can be used to numerically solve the optimisation problem.
Gradient-based optimisation techniques were shown in [13] to be effective in
solving optimisation problems of this type.

In the following sections, the formulation of a possible stochastic opti-
misation problem relevant to the ExaQUte project is first presented. This
formulation is based on the approach used in [8]. Expressions for the sensi-
tivity of the objective function with respect to the design variables are then
derived. It is shown how these sensitivities can be computed using existing
deterministic adjoint solvers in combination with statistical estimation tech-
niques, specifically using Monte Carlo sampling and the multi-level Monte
Carlo (MLMC) algorithm. The challenges and issues faced when using MLMC-
type algorithms for the estimation of different statistics, along with potential
solutions, are described. Lastly, mathematical expressions for the sensitivi-
ties of some statistics of interest in optimal design are derived; namely, the
variance and the conditional value at risk (cvar) [9].

2 Formulation

In this work we denote by X™* the topological dual of a Banach space X and
by n’ € [1,+o0[ the conjugate exponent of n € [1,+oo, such that = 4L = 1.

n
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2.1 Optimisation problem

Let (2, F,P) be a probability space. Let Z denote the space of design vari-
ables and A C Z the subset of feasible designs. For any z € A, we assume
that the state u of the system to be optimised satisfies a model based on
partial differential equation (PDE), possibly including some random effects
here denoted by w € 2. We write the mathematical model in abstract form
as

F(u(w), z,w) =0, for P-a.e. w € 2 (1)

and assume that the (random) solution u(w) belongs to a suitable Banach
space U for (almost) every realisation w € 2 and has up to p € [1, +oo[ finite
moments, i.e. it belongs to the Bochner space LP(Q2, F,P;U), henceforth
noted LP(Q2, U) for convenience. The goal is to optimise the performance of
the system with respect to some statistics of one or more output quantity of
interest (Qol), here defined as a function u — Q(u) that maps the random
solution to a random vector in R™, namely @ : LP(Q,U) — LY(Q,R™) for
some q € [1,+o0[. To facilitate the analysis, we assume that the Qor @) has
the form

Qu)(w) = Q(w,u(w)), for u e LP(Q,U),P-ae. w € Q, (2)

for some function Q : Q x U — R™, that is, the output Q can be evaluated
‘pointwise’ for each realisation w € €2 and corresponding state u(w).

The statistics of the output Qor with respect to which the optimisation
is performed is called hereafter the risk measure and is defined as a map
LY(Q,R™) 3 Q — R(Q) € R. It could be, for instance, a centred or uncen-
tred moment (mean, variance, etc.), a quantile or a cvar of Q.

The final optimisation problem that will be studied in this work has
therefore the following form:

min - {J(u, 2) = R(Q(u)) + P(2)}
u€LP(Q,U) (3)
s.t. Flu(w), z,w) =0, for P-a.e. w € Q

where P : Z — R is a penalisation term on the design variables and the
PDE operator F': U x Z x ) — Y™ takes values in the dual of some Banach
space Y, i.e. the residual of the PDE is in Y*. We also assume that for any
z€ Zandy € LP(Q,U), the PDE residual F(y(-), z,) has n’ € [1, 400 finite
moments, i.e. F(y(-),z,-) € L™ (Q,Y*).
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2.2 Examples of interest

In this section, an example of each of the above quantities is used to demon-
strate the formulation with the help of a problem of interest in wind engineer-
ing. Consider the problem of fluid flow around a structure with uncertainties
in the inlet conditions. The design variables are the design parameters defin-
ing the shape of the structure and uncertainties enter the problem in the
form of stochastic wind conditions.

The governing PDE in (4) is typically a fluid flow model such as the
Navier—Stokes equations. In the target application, the design variables affect
the solution by modifying the shape of the domain boundary. Uncertainties
in the wind are modelled as stochastic inlet conditions. The system is then
written as follows

F(u(-),z,-)=0 in D,,
g(u)=0 onT., (4)
u=1uqn onlq

The domain boundary is partitioned as 0D, = ', Ul'g where I, is the shape-
dependent part of the boundary on which the boundary condition defined by
g is prescribed and I'g is the portion on which the uncertain value ug is
applied.

One possibility for the Qor @) are force coefficients of the form

Q)= [ f(u)-7idA

where 77 is the direction along which the force component is to be calculated
and f is the force per unit area in that direction.

It is often the case in structural engineering that a preferred design that
is based on constructions costs and architectural considerations is supplied as
a starting point for the optimisation algorithm, and that the optimal design
not significantly differs from this design. One way to penalise this difference
is through a penalisation term such as P(z) = ||z — 2]|?, where z, are the
preferred design parameters and || - || a suitable norm.

The risk measure R needs to be chosen such that the optimal design
is robust to uncertainties. One such example of this measure is the mean-
variance risk measure given by

R(Q) = E[Q] + aVar(Q),

where a € R controls the relative importance of the two terms. Another
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example is the cvaRr, given by the following expression.
R(Q,8) = inf f5(t, Q)

1
where f5(t,Q) =1t + 15 {(Q — t)*} and X := max(X,0).
The cvar has been shown to have favourable mathematical properties for
use in optimisation algorithms [9]. Note that the cvaRr is a parametric ex-
pectation, dependent on an extra parameter [3.

3 Sensitivity calculation

In this section, we outline the calculation of sensitivities of the objective
function J defined in (3) with respect to the design parameters z. We present
a proof of the relation between these sensitivities and gradients available from
deterministic adjoint solvers. We then demonstrate the calculations with
some examples. We introduce the following notation that is used extensively
in the remainder of the document. For a function of several variables f :
X1 X Xg x -+ x X — Y, its partial differential with respect to the k-th
variable is denoted Dy, f and is a linear operator between the spaces X} and
Y, that is Dy f € £(X},Y), where we denote by £(X,Y") the space of linear
operators from X to Y

3.1 First order optimality conditions

We begin by setting up the Lagrangian functional £ : LP(Q,U) x Z x
L"(£2,Y) — R of the problem as follows.

£, 2,0) = R(Q()) + P(=) — E[(F(u(-), 2, ), A())y- ]

Here, (-, )y« y is the duality pairing corresponding to the pair (Y*,Y). In
the following, we assume sufficient regularity of the objects involved.

The derivative in A of the Lagrangian, in the direction A € L"(£,Y)
reads:

Ds £(u, 2, A)(03) = ~E[{F(u(-), 2,),6A())y- v ]. (5)

By setting (5) equal to 0 and taking variations of the form 6\ = v w?* with
v* € Y and w* € L"(Q), we obtain

]EKF(U(-), . .),UA>Y*,YwA(-)] —0, W eY,w eL'(Q)
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which simply corresponds to the primal problem being satisfied for almost
every w € )

<F(u(w),z,w),v’\>w , =0 Vot € Y and P-a.e. w €
— F(u(w),z,w) =0, in Y* and forP-a.e. w € Q. (6)

To compute the derivative of the Lagrangian in u, we require the follow-
ing. Since R : LY(Q,R™) — R, its derivative D; R(Q) € £(LY(Q,R™),R).
Hence, D; R(Q) can be identified with an element VR (Q) of the dual space
L7 (Q,R™) [16, theorem 6.10], such that

Dy R(Q)(0Q) = E[VoR(Q) - 0Q].

In addition, we also have that Dy Q(u) € £(LP(Q,U),LY(2,R™)). As a result,
the derivative in u of the Lagrangian, in the direction du € LP(2, U), reads

D1 L(u, 2, A)(0u) = E[VER(Q(u)) - D1 Q(u)(du)]
- ]EKDI F(u()v 2 )(5u(>>7 )‘('»Y*,Y]- (7)

From (2) and the limit definition of the derivative, it is possible to show that
the following holds:

D; Q(u)(du)(w) = <D2 Q(w, u(w)), 5u(w)>U*’U for P-a.e. w € Q

where Dy Q(w, %) is the element of (U*)™ for all w € €, since Q(w,-) : U —
R™. Using the above, we obtain from (7)

D £(u,2 \)(6w) = E|VoRQU)() - (D2 Q. u()), 6u()),.
—E[(D1 F(u(), 2,) (0u()). A())y-y] (8)

Taking again variations of the form du = v"w" with v* € U and w* € LP(Q),
and setting (8) equal to 0, we obtain

E[VaR(Q()() - (D2 ul)), 0", . w()]
—E[(Dy F*(u(-), 2, )(A()), 0" g (-)] =0, V0" € U, w" € LP(Q)

which corresponds to the adjoint equation for A\ being satisfied for almost
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every w € ()
(D1 F*(u(w), 2, w)A(w), v*) e

= VoR(Q(u))(w) - (D2 Q(w, u(w)), v") Vot € U, P-ae. w € Q

U’
<~ Dy " (u(w), z,w)A\(w)

= VoR(Qu))(w) - Dy Q(w, u(w)), in U* for P-a.e. w € Q. )

Finally, the derivative in z of the Lagrangian, in the direction dz € Z,
reads
Dy L(u, z,\)(0z) = Dy P(2)(dz) — E{(DQ F(u(+),z,)(02), A(-))Y*y}
= (D1 P(2) = E[D2 F*(u(), 2,-)(A(-))], 02) - 4
where again we notice that Dy P(z) € Z* since P : Z — R. Since the optimal
point can lie on the boundary of the feasible region, the following variational
inequality is required to be satisfied by Dy £ at the optimum z.
(D2 L(u,2,A),2 = 2) 5 , 20, Vz€A,
< (D1 P(2) —E[D2 F*(u(:), 2, )(A())], 2 = 2) . , 2 0, Vze A (10)

The three conditions given by (6), (9) and (10) represent the first order op-
timality conditions corresponding to the optimisation problem given by (3).

3.2 Reduced formulation

To implement a gradient-based algorithm for the optimisation problem, sev-
eral assumptions must be made on the problem in addition to those listed in
the previous sections.

We assume that, for every z € A, there exist u, € LP(Q,U) and A, €
L"(£2,Y) such that u, uniquely solves (6) and A, uniquely solves the corre-
sponding adjoint equation (9). Under this assumption, we define the reduced
objective function J : Z — R as follows.

J(2) = J(uz, 2) = R(Q(uz)) + P(2). (11)

Under certain conditions [8, p. 14], it is possible to show that the following
holds for the derivative of the reduced objective function Dy J(2) € £(Z,R).

D1 J(2)(02) = Dy L(u,, z,\,)(02)
= (D1 P(2) = E[Dg F*(u=(-), 2, )(A:(1))] 02) 5, (12)
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Hence, the optimality conditions for the reduced problem are the same as
the optimality conditions for the original problem.

Under the additional assumption that Z is a Hilbert space equipped with
the inner product (:,-),, we can also use the Riesz representation theorem
to show that for f : Z — R Fréchet-differentiable at z € Z, Dy f(z) € Z*
admits a representation V,f(z) € Z. Hence, introducing V,J(z) € Z such
that

(V.J(2),02) 5 = (D1 (2),02) 1. »
in combination with (12) allows us to write

(V.TJ(2),02)z = (D1 P(2) = E[Dy F*(u2("), 2,-) (A= ()], 02) 2+ 2~ (13)

3.3 Algorithmic considerations

A typical gradient-based minimisation method would compute iteratively a
sequence of approximations (z;)reny Where, for any k € N,

Ze1 = a(ze — VeT (2))

where 114 : Z — A is the projection operator onto the feasible set A and
e € R is the ‘step size’. The steps to compute V,7(zx) in this setting are
outlined in algorithm 1.

Algorithm 1 Computation of V,J (zx) given zj

: Solve (6) for u,, (w) for all w € Q

: Solve (9) for A,, (w) for all w € Q2

: Compute the expectation term in (13) using u., and A, .
: Compute V,J (2) using (13).

o S

Step 3 of Algorithm 1 requires in theory the solutions u,, (w) and A, (w)
for all w € Q2. However, since only a finite number of samples can be generated
from €2 in practice, the expectation needs to be estimated. We propose the
use of Monte Carlo techniques in this work, where only a finite number of
samples (wj)évzl C ) are generated independently from the same probability
law P. The expectation in (13) is then estimated as follows.

E[Dg F*(uz(-), 2,-)(A=(-))] = }V;Dz F(uz(w;), 2,05) (Az(w)))

To accelerate the convergence of the standard Monte Carlo estimator, the
MLMC method [3, 4, 15] uses correlated samples generated on a sequence of
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meshes of the primal and adjoint problems. MLMC methods have also been
used with success in combination with stochastic optimisation techniques,
wherein a ‘fully accurate’ estimation of the gradient is not required at each
iteration of the optimisation algorithm [13].

The use of MLMC algorithms to estimate the gradient of the optimisation
problem poses a number of challenges. A major challenge here is to have
efficient multi-level estimators to obtain estimations in reasonable time that
will enable the sequence of designs z; to convergence as swiftly as possible.
Although unbiased multi-level estimators for moments have been successfully
demonstrated [14], unbiased multi-level estimators for parametric expecta-
tions such as the cvaR and their sensitivities is still an active area of research
[10].

It is also possible that, depending on the risk measure used, the object
VR required to solve the adjoint problem can itself contain statistics that
need to be estimated (see next section for an example). As a result, the
solution of the adjoint equation for one particular point in 2 requires, in
theory, the solution of the primal problem for all w € 2. One possible way to
solve this issue is to have a separate MLMC estimation of these expectations,
which are then used in the MLMC algorithm that estimates the expectation
in (13). Another possible way to solve the issue is to decouple the primal
and adjoint problems by parametrising the expectations within VgR and
iteratively updating them to convergence.

3.4 Examples of risk measures and their sensitivities

We illustrate here the above calculations for two different risk measures.
Specific problems arising for each of the examples are highlighted and possible
solutions are proposed. We assume in the following that the random quantity
of interest depends linearly on the solution of the PDE, i.e. dg € U* such
that Q(-,2) = (¢, z)y-y. To lighten the notation, hereafter we omit the
subscript in the duality pairing when no ambiguity arises. Since there is
no explicit dependence of Q on w € Q with this definition we have simply

Qu)(w) = (g, u(w)).

3.4.1 Variance

Let us consider the case R(Q) = Var(Q) = E[Q? — E[Q]°. We assume that
p = 2 for u € LP(Q,U) so that ¢ = p for Q(u) € LY(Q,R), since @ is linear
in u and the variance of ) is well defined. Solving the adjoint problem (9)
for X\ requires the computation of the objects VoR and Dy Q.
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The differential of R evaluated at @ € LY(Q,R™) in any direction §@Q) €
LY(2,R™) can be written as

Di R(Q)(5Q) = E[2Q5Q)] — 2E[Q] E[5Q)
= E2(Q - E[Q]) - 6
— VoR=2(Q ~E[Q))

The differential of ) evaluated at u € LP (€, U) can be written as D Q(u) =
g. Combining the above two, we can write down the following for a pertur-
bation of the form du = v"w", with v"* € U and w" € LP(Q).

E[VoR(Q(u)) - D1 Q(u)(du)] = E[2(Q(u) — E[Q(u)]) - (g, 0u)]
=E[2(Q(u) — E[Q(u)]) - (g, v")w"]
= E[2(q, u — E[u]) (g, v")w"]

Note that we have defined G, € L' (Q, U*) where p/ € [1,2] is the conjugate
of p with

G = 2{q,u — E[ul)q. (14)

As a matter of fact, in this case, G, belongs to the stronger space LP(€Q, U*).
With G, defined in this way, this object can be identified with the right hand
side of the adjoint equation.

(Gu().0") = VaRIQ))() - (Dy Q- u().v*).

We can then use expectation-approximation techniques, such as a Monte
Carlo method, to estimate the sensitivities of the risk measure. However, the
term E[u] in (14) has to be approximated before G, (w) can be estimated,
which in theory requires the primal problem to be solved for P-a.e. w € 2
and in practice is likely to incur a sizeable cost.

One can work around this issue by parametrising the estimation of E[u]:
rewrite the optimisation problem (11) as

min {J(,2,n) = E[(Q) - n)?] + P()}

z€A

welP(Q,U)
ey (15)
s.t. F(u(w), z,w) =0 for P-a.e. w € Q
and n = E[Q(u)].
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From (15), we define the Lagrangian as

L(u, 2,7\, 1) = E[(Q(u) = n)*] + P(2)
—E[(F(u,2,), \())] — p(n — E[Q(w)))

This adds the following equations to the list of optimality conditions.

Ds L= —(n—E[Q(w)]) =0
Dy £ =2E[(n—-Qu))] —p=0

Although this frees the solution of the adjoint problem for one w € ) from
requiring the solution of the primal problem for all w, a separate procedure
for the update of n must be devised at an additional cost. Other approaches
are proposed in [18], at least in the case of a linear PDE.

3.4.2 Conditional value at risk

The second example that we use to illustrate the calculations is that of the
cvaR. The cvar is expressed as follows

1
— ot
CVaRg = %gﬂgt t1o 3 E[(Q t) }
To avoid the issue of solving both the above minimisation problem and prob-
lem (3), we reformulate the optimisation problem as follows.

zelﬁitlék {J(u,z,t) = R(Q(u),t) + P(z)}
welP(QU)

s.t. Fu(w), z,w) = 0 for P-a.e. w € 2

where R(Q,t) =t + klﬁE{(Q — t)ﬂ

Since the objective function J is dependent on ¢ as well, the Lagrangian
formulation changes accordingly. The Lagrangian £ now has the form

L(u, 2, A1) = R(Q(u), 1) + P(2) = E[(F(u(-), 2,-), A(-))]

This adds one additional condition to the optimality conditions, namely the
following.

Dy L(u,z,\,t) = Dy R(Q(u),t) =0
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Following similar steps to § 3.4.1, the differential of R evaluated at @ €
LY, R) in any direction Q) € LY(Q,R) is written as follows. For this case,
we have that ¢ = p.

D1 R(Q.6)(6Q) = 1= Ellg:160)
— VoR(Q) = 1%

The differential of @ evaluated at u € L”(Q2,U) can be written as D; Q(u) =
g. Combining the above two, we can write down the following.

@E[n@xq, 5u)]
_ m1E:[11Q>t<q, v )w(-)]
= E[(G, vy w" ()],

E[VQR(Q(u)) - D1 Q(u)(6u)]

— |

where we have made similar assumptions to § 3.4.1 and have defined G, €
L>(Q, U*) with

Gu — ]]'<q7u>>t

1-p
We also report here the quantity Dy R for use in the redefined optimisa-
tion problem.

DyR(Q ) = — - E[los]
1-p

The computation of the optimal design that minimises a given cvar and
the estimation of the gradient of the cvaRr using MLMC algorithms provide
several challenges to tackle. Firstly, it is possible that since 1> is a dis-
continuous function, correlated MLMC samples could be created such that
the samples lie on either side of the discontinuity. This leads to non-optimal
variance reduction. Potential fixes for this problem such as regularisation of
the discontinuity [9] as well as adaptive sampling [5] have been proposed in
literature.

Additionally, it is possible that the corresponding objective function is
such that gradients are discontinuous and not Lipschitzian. This property
affects important parameters of gradient-based optimisation algorithms such
as the step size. Adaptive step-size-selection algorithms such as line-search
methods, as well as sub-gradient methods, tackle this difficulty; we refer the
interested reader to [6, 7] for an extensive discussion.
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4 Summary and future directions

The optimisation problem of interest to the ExaQUte project was formulated
for a general risk measure in § 2. The primal equation (6) and adjoint
equation (9) of the underlying PDE (1), as well as expressions for sensitivities
of this risk measure with respect to design variables were derived. It was also
shown that these expressions involved estimating expectations of sensitivities
related to said PDE, for which deterministic primal and adjoint solvers could
be used in combination with sampling techniques such as MLMC.

Practical gradient-based approaches to solve the OUU problem (3) were
discussed in § 3.3. A number of challenging mathematical and algorithmic
issues were discussed, such as nested expectations causing coupling between
the primal and adjoint problems and the need for unbiased efficient estima-
tors. Solutions that have shown promise in remedying these issues were also
described. These challenges were illustrated using specific examples in § 3.4.
In addition, nuances related to each particular example risk measure were
enumerated in their corresponding sections and potential solutions described.
In summary it was demonstrated that, although sensitivity calculation for
the optimisation problem poses multiple challenges, promising solutions exist
for each of the issues that will be implemented and studied in the following
stages of the project.

Given the high computational cost of these calculations, we aim at curb-
ing them by leveraging modern exascale systems with computational concur-
rency to exploit the latent parallelism in MLMC methods. To this end, the
ExaQUte project is involved in the development of the PyCOMPSs [2, 11, 17]
scheduling tool and the ExaQUte XMC library [1]. Further parallelisation
is envisioned, e.g. through stochastic gradient methods [see 12], possibly in
asynchronous algorithms.
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